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1. Introduction

The Gelfand-Naimark theorem is the one of the most important results
in the theory of Banach algebras. The development of the general theory of
Banach-Kantorovich C*-algebras over the ring of measurable functions natu-
rally leads to the question about an analog of the Gelfand-Naimark theorem for
such C*-modules. The theory of C*-modules comes from the work I.Kaplansky
(Kaplasky, 1953). In Kusraev (1996) it was proved a vector a vector valued
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version of Gelfand-Mazur’s theorem for C*-modules over Stone algebra The
theory of Banach-Kantorovich modules is being actively developed now (Kus-
raev, 2003),(Gutman, 1995). In (Ganiev and Chilin, 2003) a C*-algebra over a
ring of measurable functions as a measurable bundle of a classic C*-algebras is
presented. In Chilin et al. (2008) the Gelfand-Naimark theorem for C*-algebras
over a ring of measurable functions is proved.

In this paper we are going to prove the Gelfand-Naimark theorem for C*-
algebras over Arens algebras.

2. Preliminaries

Let (£2,%, 1) be a measurable space with a complete finite measure and
let L° = L°(Q) be the algebra of all complex measurable functions defined on
(Q,%, 1), E be a complex linear space.

The mapping || - || : £ — L is called an L%valued norm on E, if for any
x,y € E, XA € C satisfies the following

[z =0, ]|z]] = 0 & 2 =0, M| = [Alll], |2 + yl| < =[] + |yl

A pair (E,| - ]|) is called a lattice-normed space (LNS) over L°. An LNS
FE is said to be d-decomposable, if for any € F and for any decomposition
||z|| = e1 + e2 into a sum of disjunctive elements one can find x1,x2 € E such
that © = x1 + z2 and ||z1]] = eq, ||z2]] = e2. A net (z4)aca of elements of E
is said to be (bo)-converging to x € E, if the net ||xo — 2|laca (0)-converges to
zero in LY. A (bo)-complete d-decomposable LNS over LY is called a Banach-
Kantorovich space (BKS) over L° ((Kusraev, 1985), P. 32; (Kusraev, 2003), P.
79).

Let U be an arbitrary *-algebra over the field C of complex numbers and let
U be the module over L°; assume that (A\u)* = Au*, (Au)v = A(uv) = u(\v) for
all A € L u,v € U . Consider on U a certain L°-valued norm || - ||, endowing U
with the structure of a Banach-Kantorovich space, in particular, | Aul| = |A|||u]]
forall A€ Lo u e U .

Definition 2.1. (Kusraev, 1985) U is called a C*-algebra over L°, if all u,v €
U satisfies ||u-v|| < ||ul|||v]l, |ul|* = ||[u* - ul|. If U is a C*-algebra over L° with
the unit e and |le| = 1, where 1 is the unit in L°, then U is called a unital
C*-algebra over LP.

Let X be a mapping, which sends every point w € Q to some C*-algebra
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(X (W), || - [ x(@))- We assume that X(w) # {0} for all w € Q. A function u
is said to be a section of X, if it is defined almost everywhere in {2 and takes
values u(w) € X (w) for w € dom(u), where dom(u) is the domain of u.

Let L be some set of sections.

Definition 2.2. (Kusraev, 1985) A pair (X, L) is called a measurable bundle
of C*-algebras, if

1. Mcp + Aaco € L for all A1, Aa € C and c1,c9 € L, where Ajc1 + Aacs :
w € dom(cq) (dom(ca) = Aer(w) + Azce(w);

2. the function ||c|| : w € dom(c) — |le(w)|lv(w) is measurable for all c € L;

3. for each point w € Q the set {c(w) : ¢ € L,w € dom(c)} is dense in
U(w);

4. if u € L, then u* € L, where u* : w € dom(u) = u(w)*;

5 ifuv € L, then u-v € L, where u-v : w € dom(u)()dom(v) —
u(w) - v(w).

A section s is called stepwise, if s(w) = Y1 | xa,(w)c;(w), where ¢; €
L,A; € ¥,i=1,n. A section u is called measurable, if one can find a sequence
(Sn)nen of stepwise sections such that ||s,(w) — u(w)||y(w) — 0 for almost all
w € Q.

The set of all measurable sections is denoted by M(Q, X), and L°(Q, X)
denotes the factorization of this set with respect to equality almost everywhere
on Q. We denote by @ the class from L°(, X) containing a section u €
M(Q, X), and by [[a]| the element of L° containing the function [|u(w)|| x(w)-

Put - d = u(w) - v(w) and @* = u(w)*.It is shown in Kusraev (1985) that
with respect to the introduced algebraic operations (L°(£2, X), || - ||) is a C*-
algebra, over L°.

Let £>(£) be an algebra of bounded measurable functions on (2, X, u); let
L>(Q) be a factorization of £>°(£2) with respect to the equality a. e. Put
LX(X) ={ue M(Q,X) : |[uw)|luw) € L*(Q)}. Elements of £L>(Q, X)
are said to be essentially bounded measurable sections. By L>°(Q), X) we denote
the set of equivalence classes of essentially bounded sections.

Consider an arbitrary lifting p : L>(Q) — £>°(Q) ((Kusraev, 1985), P. 50;
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(Chilin et al., 2008)).
Definition 2.3. (Kusraev, 1985) A mapping I, : L>(Q,X) — L>(Q,X)
(S

is called a wvector-valued lifting (associated with the lifting p), if all 4,
L>(Q, X) and A € L*>(Q) satisfy the following correlations:

1. (@) € @, doml (1) = Q;
2. I (@) (W)l @) = p(llal)(w);

3. L(t+0) = L (a) + L (d);

7. the set {1, (4)(w) : & € L>®(Q, X)} is dense in U(w) for all w € Q.

It is well-known ((Kusraev, 1985), theorem 2) that for any C*-algebra U
over L° a measurable bundle of C*-algebras (X, L) exists such that U is iso-
metrically *-isomorphic to L°(€2, X), and on L*(£2, X) a lifting exists which is
associated with a certain numerical lifting p.

A functional f: U — LO is called L°-linear, if f(az + By) = af(x) + Bf(y)
for all a,8 € LY z,y € U . An L°-linear functional f : U — LC is called
L%-bounded, if one can find ¢ € L° such that || f(z)|| < c[|z| for all z € U . For
an L%linear L°-bounded functional f : U — L° we put || f|| = sup{|f(z)| : = €
U,||z|| <1}. An L°linear functional f : U — L is called positive (f # 0), if
f(zx*) £ 0 forallz € U.

The mentioned functional is called a state, if f # 0 and || f|| = 1.

A state ¢ is called pure, if the relation ¢ # 1 # 0, where 1) is an L%linear
functional, implies that ¢ = Ay for certain A € L%, 0 < A < 1.

For p € [1; 00] we denote
LP(Q, X) = {i € L%Q, X) « lu(w)llx () € L}

From Bekbaev and Ganiev (2014) we know that L, (€2, X) is Banach space with
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respect to the norm:
1/p

il o, x) = /w Moepdin | = e lxllza@x

Let
L°(Q,X) = [ LP(2, X)

p>1
ie.

L9(0, X) = { € L, X) : [[ally < oo, [l < 00, ., [ill, < 00, ..}
We will consider in L# (2, X) locally convex topology 7x is generated by system
of norms {|| - || Lr(,x)}p>1. We know from Bekbaev and Ganiev (2014) that

a1 ,x) < lllr2,x) < - < ldllpr@x) <0

i.e. the topology 7x generated by countable system of norms {||- ||z~ 0, x) fne1-
By Theorem II1.2.2 (Kantorovich and Akilov, 1982) it means that topological
vector space (L¥(2, X), 7x) is metrizable space with respect to the metric

d(ii, o) ii @ — o[ Lr(0,x)
Py F14 =0l pr,x)

3. The State Space of C*-Algebras Over Arens
Algebras

Let a unital C*-algebra U over L¥. We assume that U has the form
L¥ (2, X), where X is a measurable bundle of C*-algebras with a vector-valued

lifting.

I #0,a,b €U e L¥, then p((Aa+b)*(Aa+b)) #0, ie., |A*p(a*a) +
Ap(a*b) + Ap(b*a) + o(b*b) # 0. Therefore

p(a’d) = p(b*a), [p(a’d)|* < p(a”a)p(b*d). (1)

Consequently, for ¢ # 0,a € U we have ¢(a*) = ¢(a); in addition, ¢ = 0,
if p(e) =0.
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The following two propositions are versions of the well-known properties of
positive functionals of C*-algebras for the case of C*-algebras over L“.

Proposition 3.1. Let U* be the set of all L¥-linear L¥-bounded functionals
on U. Then

(a) if ¢ # 0, then |o(z)* < p(e)p(z*z) < p(e)?||z||?, in particular, ¢ € U*
and o]l = p(e);

(b) if ¢ € U” and ||| = ¢(e), then ¢ # 0;

(c) if p e U* and ||p|l =1 = p(e), then ¢ is a state;

(d)if o, #0 and o, B € L, a0, B # 0 then ap + ) # 0 and ||ap + By =
alle|l + B, the set Ey of all states on U is a convex set.

Proof. (a) Since (L*(£2, X),] - |) is a BKS over L*(2), we conclude that
(L>(£2, X), ||-||s0) is a Banach space with respect to the norm ||z||cc = [|||2||[| o (@), = €
L>(Q,X). Tt is known that (L>(Q, X), || - ||s) is a C*-algebra over C.((?)).

Let z € U. For any n € N put Q, = {w € Q: |lzf|(w) < +}. We define
function a,, by following formula:

[0 w € Qy;
anlw) = @ @€

It is easy to check that a,, € L¥ for all n.

Put 2, = apz,n € N. Then ||z:2,| = |lanz|? = |?||z]? = 7, < 1,
where T, = xo\q, -

Hence ||z%zn |00 < 1, 80 e — 27 2, is a positive element in L>°(£2, X), i.e. one
can find u € L*°(Q, X) such that e— 2 z,, = u’ u,. From here p(e) — (2} 2z,) =
p(uun) = 0 and @(z;2n) < @(e).

Set x,, = ||z||z, and therefore
plaprn) = lzlPe(2nza) < ple)lz]?

SO
planan) < ple) |2,
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Now using inequality (1) we get

lo(@n)|? = lp(exn)|? < [p(e”e)p(arnan) < w(e)?[lo]?

which means

lp(xn)] < (el (2)
As z, = ||z||20 = ||z||anT We get
Ty = ||z||anT = Tz (3)

Combining (2) and (3) we get |p(mnz)| < p(e)||lz]| and m|@(z)] < @(e)|]]

Since m,, T 1 we get

lp(2)] < ple)llz]- (4)

From inequality (4) we get ¢ € U* and ||¢|| < p(e). Since |e]] = 1 we get
el = ¢(e).

(b) Let ¢ € U* and ||¢|| = ¢(e). With no loss of generality, assume that
lell = ¢(e) € L(Q) (otherwise we consider m).For each w € ) we define

a C-linear functional ¢, on L>(Q, X) by the following rule:

pu(r) = pp()) (W), = € L7(Q, &), ()

where p is a numerical lifting on L (). Let ||z]c < 1. Then ||z|| < 1 and

P ()] = p(lp(@)) (@) < ple(e))(w) = pule).

Consequently, ¢, is a bounded functional on L>(Q, X), and ||¢u] < ¢u(e).
As |leflee =1, we get ||pw ]l = ¢w(e) for all w € Q. This means that ¢, > 0 for
all w € €, and therefore ¢ > 0.

Items (c) and (d) immediately follow from (b). O
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Proposition 3.2. Let U be a C*-algebra over L*, and Ey be the set of all
states on U, € Ey. Consider the following conditions:

(a) ¢ is an extreme point of Ey ;
(b) ¢ is a pure state;
(¢) ¢ is a homomorphism, i. e., p(xy) = @(x)p(y) for all z,y € U .

Then (a) < (b), and if U is commutative, then conditions (a), (b), (c) are
equivalent.

Proof. (a) = (b) Let ¢ € Ey be an extreme point. Assume that ¢ is not
pure. Then one can find ¥ > 0 such that ¢ > ¥ and ¥ # Ap for all
A€ L 0<X<1 Sincel = p(e) > ¢(e) > 0, we have ¢ # (e)p. As-
sume that 1 (e) = x4 for certain A € ¥. Then xa¥ = x, xa(p —¥) > 0, and
0 < xa(ple)=t(e)) = xa—xa = 0. Hence xat = xap and ¢ = xap = ¥(e)p,
what contradicts the inequality 1 # 1 (e)p. Therefore there exists 0 < t < 1
such that the set B = {w € Q : ¢t < ¢(e)(w) < 1} has a positive measure, i.e.,
m=xp # 0. Let us define o € L¥, putting

0, weE B
aw) = —L _ weB

P(e)(w)’

Then ta < 7,01 = ap + ¢ is a state, where 7+ = 1 — 7, and to; =
tay) +trto < mp+ o < .

Put ¢o = Wl__tfl. Clearly, ¢ > o2 > 0 and ||¢2|| = W =1,1ie., @ois

also a state, in addition, 1 = t¢1 + (1 — )2, what contradicts condition (a).

(b) = (a) Let ¢ be a pure state and ¢ = to; + (1 — t)p2, where 0 <
t < 1,p1,902 € Ey. Then ¢ > typ, and therefore tp; = Ap with certain
A€ L0 < X\ <1, in particular, t1 = tpi(e) = Ap(e) = A. Consequently,
¢ = 1, and therefore @ is a limiting point.

Now let U be a commutative C*-algebra over L.

(b) = (¢). Let ¢ € Ey be a pure state. Let us first prove the following

p(rx*y) = p(zz™)p(y),z,y € U (6)
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Let z,u € L®(Q, X), ||z2*|l0o < 1,e — z2* = vu*. We will put

P(y) = p(zz*y),y € U.

Using positivity ¢, we get ¥ (yy*) = p(zz*yy*) = ((zy)(zy)*) > 0 and
olyy*) = Y(yy*) = elyy*) — elez*yy*) = p((e — za*)yy*) = p(uu*yy*) =
o((uy)(uy)*) > 0. Hence > 1 > 0. As ¢ is a pure state, we obtain ¢ = ¥(e)ep.
Consequently, p(zz*y) = ¥(y) = ¢¥(e)p(y) = p(zz*)o(y).

The fact that (6) implies (c) follows from the evident identity z = § Zizl 0%z 2} ,where
0 = exp(2mi/3),zr =e— 0% k=1,2,3 forallz € U.

(¢) = (b) Let ¢ be a homomorphism from U to L* and ¢ > ¢ > 0.
Then ¢,,, 1, are positive C-linear functionals on L*°(Q, X) and ¢, > 1, for
all w € Q; in addition, ¢, is a homomorphism from L*(Q, X) into C, where
©Yuw, P are defined by correlation (5). By Bratteli and Robinson (1982) (P. 67)
we get that ¢, is a pure numerical state on L (2, X'). Hence v, = ., (€)¢.
for all w € €2, and therefore

Y= p(e)p

For € > 0 we put

Wie)={Ae LY : p(),0) < e}

The system W = {IW(g) : € > 0} generates in L a natural topology; in
addition, W is a base of zero neighborhoods in this topology.

Consider in U* a separable vector kx-weak topology, whose base of zero
neighborhoods is represented by sets in the form

Vie,d,x1,..xn) ={f €U*: |f(z;)| € W(e),i =1,n},
where z1,...,z, € U,e > 0.

By V we define a Boolean algebra of all idempotents in L“ and let F' C
U*. If (ua)aca C F, and (74)aeca is a unity partition in V and the series
Y acA Talla *-weakly converges, then the sum of this series is called a confusion
of (tua)aca with respect to (74 )aca. This sum is denoted by miz(myu,). For
F' the symbol mixzF stands for the set of all confusions of arbitrary families of
elements of F' . The set F' is called cyclic, if mizF = F. For a directed set
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A the symbol V(A) stands for the set of all unity confusions in V indexed by
elements of A. Define the ordering relation on V(A) as follows:

v v & Va, B € A, (vi(a) ANva(B) #0 = a < 8)(vy,v2 € V(A)).

Let (uq)aca be anet in F' . For each v € V(A) we put u, = miz(v(a)uy)
and obtain a new net (u,),ev(a). An arbitrary subnet of the net (u,)y,ev(a)
is called a cyclic subnet of the net (4q)aca. The set FF C U* is said to be
*-weakly cyclically compact (Kusraev, 1985), if it is cyclic and each net in F'
has a cyclic subnet, *-weakly converging to a certain point of F' ((Kusraev,
1985), P. 50).

Proposition 3.3. Let U be a C*-algebra over L¥. Then
(a) Ey is *~weakly cyclically compact;

(b) if the algebra U is commutative, then the set K(U) of all pure states on
U is *~weakly cyclically compact.

Proof. (a) As Ey C Uy and Uy is *-weakly cyclically compact, it suffices to
prove that Fy is a cyclic and *-weakly closed subset in Uy. As the measure p
is finite, we can consider only countable partitions in V.

Let (7, )nen be an arbitrary unity partition in V, (¢, )nen € K(U) and ¢ =
> oo Tngn. Then @, (xa*) > 0 and ¢, (e) = 1 for all z € U,n € N. Therefore
p(rx*) = 3707 Topn(rz*) > 0 and p(e) = 3207 mupale) = Y00 = 1.
Due to Proposition 3.1 we have ¢ € Ey.

If ¢ € Uy belongs to an *-weak closure of Ey, then one can find a net
{¢a} in Ey such that {p,(x)} converges in L* by norm to ¢(z) for all z € U
. Consequently we obtain ¢(zz*) > 0 and ¢(e) = 1 for any = € U. That is
means ¢ € Ey.

(b) It suffices to prove that K(U) is a cyclic *-weakly closed subset in Ey.

Let (7)nen be an arbitrary unity partition in V, (pn)nen € K(U) and

© = > | Tppn. Since the algebra U is commutative, by Proposition 3.2
¢n is a homomorphism for each n € N. Therefore for all x,y € U we have

P(ay) =Y Tnen(@y) = > mnen(@)en(y) = Y Taen(@) Y Tnon(y) = o()e(y)
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Which means ¢ is a homomorphism, and therefore ¢ € K(U) (see Proposition
3.2).

Let now ¢ belong to an *-weak closure of K (U) and {¢4} be a net in K (U)
such that {4 (x)} converges in L¥ to p(z) for all z € U . By Proposition 3.2

we have @, (2y) = ¢a(T)pa(y) for all a and so p(zy) = ¢(x)p(y), ie., ¢ is a
homomorphism. Using Proposition 3.2 once again, we obtain ¢ € K(U). O

Proposition 3.4. Let U be a commutative C*-algebra over LY and a € U.
Then on U there exists ¢ € K(U) such that p(a*a) = |a||*.

Proof. Let us assume that ||a|| € L () (otherwise consider ﬁ).Let B =
{ae+ fa*a : o, € L>®(Q)}. On B we define an L>(2)-valued functional f
by the rule

flae+ Ba*a) = a+ Bllal|*(a, B € L(Q)).

Let us check is f defined correctly.

Case 1. Elements {e,a*a} are V-linearly independent. Therefore for any
m €V and A\, Ay € L¥ the formula m(A\je + Aya*a) = 0 yields 7A; =7 =0
((Kusraev, 1985), P. 197). In this case the element ae+fa*a is uniquely defined
in terms of o, 3. Consequently f(ae + Ba*a) = a + B||al|? is uniquely defined
in terms of «, 3.

Case 2. Elements {e,a*a} are V-linearly dependent. With no loss of gen-
erality, assume that a*a = e, A € L>®(Q),\ > 0. Then f(ae + Ba*a) =
a+ Bllal]* = a+ B, and in this case f is defined correctly.

Fix w € Q and «o,8 € L*(Q). Put o, = p(a)(w),Bs = p(B)(w), e =
L(e)(w),a, = L(a)(w). As ala, is a positive element of the C*-algebra
U(w),the number |la}a, ||y ) belongs to the spectrum Sp(aja,) of the ele-
ment a,a..50 we have the inequality

|aw + Bw”aw”?](w)l S SUP{‘OQJ + Bw)\w| : )\w € Sp(a:aw)}-
By the formula for the spectral radius of the normal element o, e, +5,a) a0, €
U(w) we get

sup{|aw + Budw| : A € Sp(al,aw)} = [laves + Bualaul|uw)
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Consequently |ay, + ,Bw||awH%,(w)| < |lawew + Bwal,a,ll. Therefore and from
the equality a}, = I (a*)(w) we get that |a + Bla||?| < ||ae + Ba*all. Which
means that f is L°°(Q)-bounded on B and ||f|] < 1. But f(e) = 1, conse-
quently, || f]| = 1 = f(e). Due to the Hahn-Banach-Kantorovich theorem f has
an extension g onto U , in addition, ||g|| = 1 = f(e) = g(e). This means that
g is a state on U (see Proposition 3.1) and g(a*a) = f(a*a) = |la||*.

Let K,(U) be a set of states ¢ such that 1(a*a) = |ja|?. Clearly, K,(U)
is a nonempty convex cyclic *-weakly closed subset of Eyy . So K,(U) is an *-
weakly cyclic compact, and therefore due to the vector Krein-Milman theorem
((Kusraev, 1985), P. 58) the set K,(U) has limiting points. Chose any limiting
point ¢ € K,(U) and assume that 2¢ = 1 + @2, where 1, 92 € Eyy. We have
wi(a*a) < ||lal|?,i = 1,2, and 2||a||? = ¢1(a*a) +¢2(a*a). The latter is possible
only if ||al|? = ¢1(a*a) = pa(a*a), ie., 1,02 € Ko(U). As ¢ is a limiting
point of K,(U), we have ¢ = p; = 9. That means ¢ is a limiting point of
Ey, and due to Proposition 3.2 ¢ is a pure state on U. U

4. Representation of Commutative C*-Algebras
Over Arens Algebras

As in the previous section, we denote by K (U) the set of all pure states on
a unital C*-algebra U over L“.

Definition 4.1. We say that a mapping f : K(U) — L is mizing-preserving,
if for an arbitrary unity partition (mp)nen in V and (on)nen C K(U),

f (Z Wn@n) = Z T f (on)
n=1 n=1

For o, B € LY, pp € K(U) we put

dgw)(p, ) = /\{7TL cmp =mp,m €V}

and

d(a, B) = /\{71'l =76, €V}

Proposition 4.1. A mapping f : K(U) — L* preserves mizing if and only if
d(f(), f(¥)) < dr(w) (@, ¥) for all o, € K(U).

Proof. Necessity. Let m = dK(U)<Lp,’ll})L. Then 7o = mp. For q € K(U) we
have 7y + mtq = m + wtq, and since f preserves confusions, we conclude
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that 7 f(p) + 7+ ( ) =7nf(¥) + 7t f(q). Hence wf(p) = 7mf(1), and therefore
d(f(p), fF(¥)) < mt. Consequently,

d(f (), f(¥)) < dgw) (e, ¥).

Sufficiency. If ¢ = >">° | 7,0y, then T, = m,pn,n € N, and therefore

Ty < dll((U)((p7 @n) < dL(f(SDL f((pn))

e, mf(p) = mnf(pn) for all n € N. This means that

We say that mappings, satisfying the inequality in Proposition 4.1, do
not extend the V-metric (Abasov and Kusraev, 1987).

Consider on K (U) an *-weak topology induced from U*. Let C,,, (K (U), L*)
stand for the set of all continuous, mixing-preserving mappings from K (U) into
L¥. For each f € Cp,(K(U),L*) the set f(x):z € K is a cyclic compact in
L, and therefore it is order bounded in L*. Consequently, an element || f|| =
sup|f(z)| : x € K(U) of L¥ is defined. Consider in Cy,(K(U), L“) pointwise
algebraic operations and the involution. O

Proposition 4.2. (C,,,(K(U),L¥),|| - ||) is a C*-algebra over L*“.

Proof. In view of Proposition 4.1, C,,,(K(U), L“) coincides with the set of
all continuous mappings from K (U) into L which do not extend the V-metric.
According to Abasov and Kusraev (1987) (theorem 2), (C,,(K(U), L), || -||) is
a Banach-Kantorovich space over L*. The definition of the norm immediately
implies that |£ - | < [fllgll and |[F - fI| = |fIP for all f,g € Cou (K (U), L¥).

O

The following result is a vector statement of the classical Gelfand—Naimark
theorem.

Theorem 4.1. Let U be a unital commutative C*-algebra over L“ and let
K(U) be the set of all pure states on U. Then U is isometrically *-isomorphic
to Cr (K(U), L*).

Proof is similar to that of the classical Gelfand—Naimark theorem.
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